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MORE ON CONNECTIONS

I. Consider the Euclidean plane (R2, dx⊗ dx + dy ⊗ dy).

(A) Let

a =
∂

∂x

∣∣∣∣
(1,0)

+ 2
∂

∂y

∣∣∣∣
(1,0)

and

X = x
∂

∂x
+ (x2 + y2)

∂

∂y
.

Compute the directional derivative of X in the direction a. (At (1, 0) , of course !)

(B) Compute the Christoffel symbols of the second kind in the Euclidean plane
in terms of the polar coordinates (r, θ).

(C) Compute the directional derivative of X in the direction a this time using
the polar coordinates. Compare with the result in (A) !

II. Given a connection 5 with non-vanishing torsion T = T5, consider for each
α ∈ R the connection 5[α] defined by

5[α] = 5+ αT .

Prove that the torsion of 5[α] vanishes iff α = 1/2 .

III. Consider a manifold M and a diffeomorphism ϕ : M −→ M.

(A) Given a vector field X ∈ X (M) (which we understand, as usual to be a
cross-section X : M −→ TM ! ) prove that ϕ?(X) : M −→ TM defined by

ϕ?(X) = Tϕ ◦X ◦ ϕ−1

is a vector field, too.

(B) Given a smooth function f : M −→ R, prove that

ϕ?(fX) = (f ◦ ϕ−1)ϕ?(X) .

Is ϕ? : X (M) −→ X (M) a module morphism ?



(C) Given a smooth function g : M −→ R, prove that

ϕ?(X)g = (X(g ◦ ϕ)) ◦ ϕ−1

(D) Given a connection 5 on M, consider 5ϕ : X (M) × X (M) −→ X (M)
defined by

5ϕ(X,Y ) = ϕ−1
? 5 (ϕ?(X), ϕ?(Y )) .

Prove that 5ϕ is a connection, too.

¦ Terminology : 5 is said to be invariant under ϕ if 5ϕ = 5 . ¦

IV. Given a connection 5 with torsion T and curvature R, let

I(X, Y, Z) = R(X,Y, Z) + T (T (X, Y ), Z) +5T (X, Y, Z)

and
II(X, Y, Z, W ) = 5R(X,Y, Z,W ) + R(T (X,Y ), Z, W )

Prove the Bianchi identities :

I(X,Y, Z) + I(Y, Z,X) + I(Z,X, Y ) = 0

II(X,Y, Z,W ) + II(Y, Z, X, W ) + II(Z, X, Y, W ) = 0



ON THE EXPONENTIAL MAP

Let sl(2,R) be the Lie algebra of SL(2,R), consider A ∈ sl(2,R). Let I be the
identity matrix in SL(2,R).

I. Prove that

exp(A) = cosh ((−det(A))1/2) I − sinh ((−det(A))1/2)

(−det(A))1/2
A if det(A) < 0

exp(A) = cos ((det(A))1/2) I − sin ((det(A))1/2)

(det(A))1/2
A if det(A) > 0

exp(A) = I − A if det(A) = 0 .

II. Prove that

Mλ =

[
λ 0
0 λ−1

]
∈ SL(2,R)

lies in exactly one one-parameter-subgroup in SL(2,R) if λ > 0, in infinitely many
one-parameter-subgroups in SL(2,R) if λ = −1. Prove that otherwise Mλ lies in no
one-parameter-subgroup in SL(2,R).



ON HOLONOMY

Let 5 be a connection on the smooth manifold M. For m,m′ ∈ M, let Ω(m,m′)
denote the set of continuous, piecewise continuously differentiable curves λ : [0, 1] −→
M with λ(0) = m, λ(1) = m′. We shall denote Ω(m,m) by Ω(m) for simplicity. For
each λ ∈ Ω(m,m′), let

Tr5,λ : TmM −→ Tm′M

be the parallel translation along λ with respect to 5.

I. Prove that Tr5,λ is an isomorphism of vector spaces.

II. Prove that for each m ∈ M, the set

H5,m = {Tr5,λ | λ ∈ Ω(m)}
constitutes a group with respect to the composition of functions.

¦ H5,m is called the holonomy group of 5 with respect to the base point m. ¦

III. Let M be a connected manifold M. Prove that for any m,m′ ∈ M, the groups
H5,m, H5,m′ are isomorphic.

¦ This shows that on such a manifold, the group H5,m independent of the choice of
m. Thus, on a connected manifold M we may talk about the holonomy group H5
of 5.

IV. Let M = R2 with its usual smooth structure introduced via the identity chart
(x, y). Consider the connection 5 on R2 defined by means of the Christoffel symbols

Γx
xx = y, Γx

xy = Γx
yx = Γx

yy = Γy
xx = Γy

xy = Γy
yx = Γy

yy = 0 .

Prove that

H5 ' {
[

a 0
0 1

]
| a ∈ R .>0} .



THE LIE BRACKET

I. Let (θ, ϕ) be the “spherical polar coordinates” on S2.
(A) Prove that there exist smooth vector fields X,Y on S2 such that

X|dom(θ,ϕ) =
∂

∂θ
, Y |dom(θ,ϕ) = sin ϕ

∂

∂ϕ

(B) Consider the flow ϕ : S2 × R −→ S2 defined by

ϕ((x, y, z), t) =

(
2xet

1 + z + (1− z)e2t
,

2yet

1 + z + (1− z)e2t
,

1 + z − (1− z)e2t

1 + z + (1− z)e2t

)

If Z is the vector field on S2 generated by ϕ, compute [Y, Z], [Z, X],[X,Y ]. in terms
of the charts obtained by stereographic projections.

II. Use the standard charts to compute [X, Y ] where X, Y ∈ X (RP 2) are vector
fields induced by the respective flows ϕ, ψ : RP 2 × R −→ RP 2 defined by

ϕ([x, y, z], t) = [x, ety, e−tz].

ψ([x, y, z], t) = [etx, e−ty, z].



III. Ideally, the position and, so to speak, the disposition of a car can be modelled
by a unit vector u positioned at (x, y) ∈ R2 making an angle ϕ with the x-axis and
the perpendicular bisector of the “front wheel axle” making an angle θ with u. For
this reason the manifold

M = R2 × R2

(2πZ)2

is sometimes referred to as the car manifold . Let us identify M with R4 locally and
make use of the coordinates (x, y, θ, ϕ) with their now obvious meanings.

Consider the following vector fields on M with names inspired by the circum-
stances from which we have observed M to arise as a model.

St =
∂

∂θ
the “steer”,

Ro =
∂

∂ϕ
the “rotate”,

Dr = cos (θ + ϕ)
∂

∂x
+ sin (θ + ϕ)

∂

∂y
+ sin θ

∂

∂ϕ
the “drive”,

Wr = − sin (θ + ϕ)
∂

∂x
+ cos (θ + ϕ)

∂

∂y
+ cos ϕ

∂

∂ϕ
the “wriggle”,

Sl = − sin ϕ
∂

∂x
+ cos ϕ

∂

∂y
the “slide”.

(A) Prove that

[Sl, St] = [Sl, Dr] = [Sl,Wr] = 0

[St,Dr] = Wr

[Dr,Wr] = −Sl

[Wr, St] = Dr .

(B) Compute the Lie brackets with Ro .



LIE DERIVATIVE

I. Let H be a tensor of bidegree (0, 2) on the manifold M.

(A) Prove that

LXH = XH(Y, Z)− H([X, Y ], Z)− H(Y, [X,Z])

(B) Let x = (xi)1≤i≤n be a chart on M. If

A|dom(x) = Aα ∂

∂xα

and
H|dom(x) = Hijdxi ⊗ dxj ,

prove that

LAH|dom(x) =

[
Aα ∂Hij

∂xα
− ∂Aα

∂xi
Hαj − ∂Aα

∂xj
Hiα

]
dxi ⊗ dxj ,

(C) Given a Riemannian manifold (M, G), a vector field X ∈ X (M) is called a
Killing vector field if LXG = 0.

Prove that A ∈ X (R2) is a Killing vector field on (R2, dx⊗ dx + dy ⊗ dy) iff

A = (−ωy + a)
∂

∂x
+ (ωx + b)

∂

∂y

for some ω, a, b ∈ R .



RIGHT INVARIANCE OF A RIEMANNIAN TENSOR FIELD ON A
LIE GROUP

Consider a Lie group G and its Lie algebra G of left invariant vector fields. Let
m be a left invariant Riemannian metric on G . Let 5 be the Cartan-Schouten
connection of type 0 on G. To be precise let 5 be defined by

5(X, Y ) =
1

2
[ X , Y ]

for X,Y ∈ G.

I. Prove that m is right invariant iff LAm = 0 for each A ∈ G.

II. Prove that the following are equivalent :

(i) m is right invariant.

(ii)m([X, Y ], Z) = m([Z,X], Y ) for all X,Y, Z ∈ G.

(iii)m([X, Y ], X) = 0 for all X, Y ∈ G.

(iv) 5 is the Levi-Civita connection for m.

III. Let R be the Riemannian curvature tensor field on (G, m) where m is left and
right invariant. Prove that

R(X,Y, Z) = −1

4
[[X, Y ], Z]

for all X, Y, Z ∈ G.



TENSOR FIELDS IN CLASSICAL NOTATION

I. Consider Λi
jk, Ωi

jk which transform like Christoffel symbols.

(A) Prove that Ai
jk = Λi

jk − Ωi
jk transforms as a tensor.

(B) If the system Hk
ij transforms as a tensor, prove that Lk

ij = Λk
ij+Hk

ij transforms
like Christoffel symbols.

II. Consider Λi
jk which transforms like Christoffel symbols.

(A) Prove that Bi
jk = Λi

jk − Λi
jk transforms as a tensor.

(B) Prove that

Rl
ijk =

∂Λl
jk

∂xi
− ∂Λl

ik

∂xj
+ Λl

imΛm
jk − Λl

jmΛm
ik

transforms as a tensor.

¦ Although implicit in the two dimensional work of Euler and even Monge and
certainly in the investigations of Gauss and the then Italian school, the tensor Rl

ijk

makes its definitely chiselled appearance in Riemann’s work as an “integrability
condition”. It is called the curvature tensor. ¦

III. Given a Ωk
ij which transforms like Christoffel symbols and Sk which transforms

as a tensor (i. e. it is a vector field !) prove that

P k
i =

∂Sk

∂xi
+ Ωk

ijS
j

transforms as a tensor (of bidegree ?).



III′. Given a Ωk
ij which transforms like Christoffel symbols and Sj which transforms

as a tensor (i. e. it is a covector field !) prove that

Pij =
∂Sj

∂xi
− Ωk

ijSk

transforms as a tensor (of bidegree ?).

IV. Given Si
j which transform as a tensor and satisfies

Si
jS

j
k = −δi

k,

prove that

N i
jk = Sα

j

∂Si
k

∂xα
− Sβ

k

∂Si
j

∂xβ
− Si

γ

∂Sγ
k

∂xj
− Si

λ

∂Sλ
j

∂xk

transforms as a tensor.

¦ N i
jk is another “integrability condition” which is of fundamental importance

in the study of the so called almost complex structures. It is called the Nijenhuis
tensor after the Dutch mathematician who has introduced it. ¦

Suggestions for Further Studies

Although there are powerful masters of the realm (such as the manifoldly cel-
ebrated S. Lang) who actively hate and despise the classical tensor calculus, the
subject has proven its indispensability. There are many excellent if rather dated
(but not outdated) texts which the student may like to consult:

A. Lichnerowicz : Elements of Tensor Calculus.
B. Spain : Tensor Calculus.
J. L. Synge, A. Shild : Tensor Calculus.



TENSOR FIELDS IN CONTEMPORARY NOTATION

I. Given connections 5,5′ and a tensor field S of bidegree (1, 2) prove that

(A) A = 5−5′ is a tensor field of bidegree (1, 2).

(B) 2 = 5+ S is a connection.

II. Consider a connection 5 on a manifold M.

(A) Prove that T = T5 : X (M)×X (M) −→ X (M) defined by

T (X, Y ) = 5(X,Y )−5(Y,X)− [X,Y ]

for X,Y ∈ X (M) is a tensor field.

(B) Prove that R = R5 : X (M)×X (M)×X (M) −→ X (M) defined by

R(X,Y, Z) = 5(X,5(Y, Z))−5(Y,5(X, Z))−5([X, Y ], Z)

for X,Y, Z ∈ X (M) is a tensor field.

III. Given a tensor field S of bidegree (1, 1) with the property S ◦ S = −Id, prove
that N = NS : X (M)×X (M) −→ X (M) defined by

N(X,Y ) = [S(X), S(Y )]− S([S(X), Y ])− S([X, S(Y )])− [X, Y ]

for X,Y ∈ X (M) is a tensor field.

Suggestions for Further Studies

To gather an idea of the extensive use of the tensor calculus in its both local and
global versions in physics and engineering the student may consult :

R. M. Bowen, C. -C. Wang : Introduction to Vectors and Tensors.
D. Lovelock, H. Rund : Tensors, Differential Forms and Variational Principles .



EXERCISES IN NAIVE CALCULUS OF VARIATIONS

The following are simple exercises designed to help the student master the formal
intricacies of the calculus of variations. ? indicates p a t h o l o g y. The student
should learn to cope with the great diversity of notation which is typical of the subject.

1. Find the critical functions for the following functionals:

(a) F [x] =

∫ 1

0

(x2 + 2txẋ)dt with x(0) = 1, x(1) = 2 .

(b) F [x] =

∫ 1

0

(ẋ2 + 12tx)dt with x(0) = 1, x(1) = 3 .

(c) F [x] =

∫ π/2

0

(ẋ2 + x2)dt with x(0) = 1, x(π/2) = 0 .

(d?) F [x] =

∫ 7

3

(ẋ2)dt with x(3) = 1, x(7) = 1 .

(e?) F [x] =

∫ 1

0

(ẋ2 + t2ẋ)dt with x(0) = 0, x(1) = 2 .

(f?) F [x] =

∫ 1

0

(ẋ2 + t2ẋ)dt with x(0) = 0, x(1) = 1 .

(g?) F [x] =

∫ 1

0

(x + tẋ)dt with x(0) = 2, x(1) = 1 .

2. Write down the Euler-Lagrange equations for the following functionals:

(a) F [y] =

∫ b

a

(x2 + 2y
dy

dx
)dx .

(b) F [y] =

∫ b

a

((
dy

dx
)2 + 12x3 sin y)dx .



(c) F [x, y] =

∫ b

a

(ẋ2 + x2 sin y − t cos ẏ)dt .

(d) F [x, y, z] =

∫ b

a

(x3 + yż2 − log (ẋyz))dt .

(e) F [ϕ, ψ] =

∫ b

a

[
ϕ2 + (

dϕ

dx
)2dψ

dx
− log (ϕ2 + ψ2)

]
dx .

(f) F [ϕ] =

∫ ∫

Ω

[
(
∂ϕ

∂x
)2) + (

∂ϕ

∂y
)2

]
dxdy .

(g) F [ϕ] =

∫ ∫

Ω

[
y(

∂ϕ

∂x
)2) + x(

∂ϕ

∂y
)2

]
dxdy .

(h) F [ϕ] =

∫ ∫

Ω

[
(
∂ϕ

∂x
)2 + (

∂ϕ

∂y
)2 + 2ρϕ

]
dxdydz where ρ = ρ(x, y) is a given

function on Ω .

(i) F [ϕ] =

∫ ∫ ∫

Ω

[
(
∂ϕ

∂x
)2 + (

∂ϕ

∂y
)2 − (

∂ϕ

∂z
)2

]
dxdydz .

Suggestions for Further Studies

Calculus of variations is a vast and beatiful subject of fundamental importance.
A mathematician without at least a rudimentary knowledge thereof is a sad spectacle
indeed.

There is a wide spectrum of excellent books written at different levels :

N. I. Akhiezer : The Calculus of Variations
G. A. Bliss : Calculus of Variations
L. E. Elsgolc : Calculus of Variations
O. Bolza : Lectures on Calculus of Variations
I. M. Gelfand, S. V. Fomin : Calculus of Variations

R. Weinstock : Calculus of Variations with Applications to Physics and Engi-
neering

C. Lanczos : The Variational Principles of Mechanics
J. D. Logan : Invariant Variational Problems

D. Lovelock, H. Rund : Tensors, Differential Forms and Variational Problems



J. Marsden : Applications of Global Analysis to Mathematical Physics
M. Struwe : Variational Methods

R. Wodehouse : A History of the Calculus of Variations in the 18th Century
I. Todhunter : A History of the Calculus of Variations in the 19th Century
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of a manifold,
(B) a basic grasp of the topological artifacts like covering projections fundamental

groups, homology and cohomology groups,
(C) the ability to bring the skills mentioned in (A) and (B) to bear upon what

seem at first sight to be purely geometric objectives which will turn out to be rooted
much deeper in the topology of the manifold.



(D) Finally, the course will provide an opportunity for the student to contemplate
the natural scientific origins of higher differential geometry.

7. Course Outline :

Review of the fundamental group and covering projections : 2 weeks
Theorem of Cartan-Hadamard : 1 week
Theorems of Synge and Preismann : 1 week

Review of Lie groups and algebras : 1 week
Introduction to symmmetric spaces : 2 week
Invariant connections and metrics : 1 week

The Laplace-Beltrami operator on a Riemannian manifold. (2 weeks).
Harmonic scalar fields, forms, maps. (1 week)
Spectrum of a Riemannian manifold, isospectrality (1 week)
Cohomological interpretation : The Hodge theory (2 weeks)

8. Proposal Prepared by : Cem Tezer .

9. Justification for the Course Proposal : The courses Math 505 and Math
545 do not offer the graduate student sufficient opportunity to absorb the least
that is necessary in contemporary research in geometry. The proposed course under
advisement is expect to alleviate this deficiency.

10. Overlapping and Complementing Courses : The course complements
the courses 537 Algebraic topology I, 541 Differential Topology by offering exten-
sive treaments of applications of topological methods in the context of differential
geometry.

11. Effective Date : 2000/2001 Spring Term.

12. Frequency : Once in a year, in the spring semester.

13. Opinion of the Department Academic Board : Positive.


