HOMEWORK ONE

I. Let H be a tensor field of bidegree (0,2) on the manifold M.
(A) Prove that

LyH = XH(Y, Z) — H([X,Y], Z) - H(Y, [X, Z])

(B) Let = (2%)1<i<n be a chart on M. If
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(C) Given a Riemannian manifold (M, G), a vector field X € X(M) is called a Killing
vector field if LxG = 0. Prove that A € X(R?) is a Killing vector field on (R?, dr ® dx +
dy ® dy) iff

A= (—wy+ a)ﬁax + (wx + b)—
for some w,a,b € R .

(D) Consider the Riemannian tensor field

G=adr®dzx+ F(z) (fdy®dy+~ydz®dz)

on R? where «, 3, v are constants. Prove that the vector space of Killing vector fields of
G is generated by the vector fields

o 0 0 0
8—y, P and yza—y—ﬁya .



