Advanced Calculus

MATH 251

SECOND MIDTERM
(Duration : 100 mins.)

15th December 1996
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Consider the sequence (x,)nen defined recursively by
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(a) Prove that x, > +/3 for all n € N . (Hint : Consider (z, —v/3)2 > 0.)
(b) Prove that z,41 < @, for all n € N .

(c) Is (@n)nen convergent 7 If it is, compute its limit.

Consider the function f : R — R defined by

Fz) = T+ 2 for <0
"l —z+3 for x>0

(a) Find open sets U,V C R such that f~1(U) is open, f~1(V) is not open, (Write out
these latter sets explicitly !)



(b) Find connected sets A, B C R such that f(A) is connected, f(B) is not connected.
(Write out these latter sets explicitly !)

(c) Find compact sets K,L C R such that f(K) is compact, f(L) is not compact.
(Write out these latter sets explicitly !)

(d) Find convergent sequences (Tpn)neN, (Un)neN, (2n)nen in R with respective limits
x, y, z such that (f(z,))nen converges to f(x), (f(yn))nen is convergent but does not
converge to f(y), (f(zn))nen is divergent. (Write out these latter sequences explicitly !)

(e) Is f continuous ? Be brief !

PLEASE TURN OVER !



(a) Let G : [a,b] — R be differentiable on [a,b]. If G attains a minimum (over [a, b))
at a, prove that G’(a) > 0 . What happens if G attains a minimum (over [a,b]) at b?

(b) Let f : [a,b] — R be differentiable on [a, b] with
flla) =K < L= f(b)

Given M € (K, L), consider the function F : [a,b] — R defined by
F(z) = f(z) — M(z —a)

and prove that there exists ¢ € (a, b) such that f/(c) = M .



