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. Let ¢ be ascalar field and F' be a vector field. Prove that Vo (¢F) = ¢VoF +FoV¢.

. Let F,G:R?® = R? be two vector fields. Prove the following identities.
Vo(FxG)=(VxF)oG—Fo(VxG).
Vx(VxF)=V(VoF)-V?F.

. Let f:R — R be continuously differentiable. Define ® : R? — R? by ®(p) = f(|p|) .
Show that there exists a scalar field A such that V®(p) = A(p)p if p#0.

. Find an example of a scalar field ¢ and a vector field F' neither of which is constant, for
which Vo (¢F) is identically equal to ¢V o F'.

. Let F(z,y,2) = (z+222)i+ayj+yzk. Find VoF and V x F .
. Find a vector field F : R3 — R3 such that V x F = y?—k :1:;

. Let

x = ucos(v)
y = usin(v)

Z=w

where ©u >0, 0<v <27 and weR.
(i) Find unit vectors #, ¥, @ and show that they form an orthogonal curvilinear system.
(i) Find V2F if F(z,y,2) = (2 +y?)*/? arctan(g) +a? +y? + 22
T

. Consider the family of curves zy =¢, ¢ >0 in Q= {(z,y) €R?:2 >0,y >0}.
a) Find the orthogonal trajectories v(x,y) = d of this family *.

b) Write the operator V in €, in the orthogonal coordinate system thus obtained *.
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. Let R be the triangular region bounded bye the lines y = 2z, * =0 and y =4 and
let R’ be the rectangle whose sides are the lines # = 0, x =2, y =0 and y = 4.
Suppose the partition P of R’ consists of the squares whose sides are 1 unit long. If
f(z,y) =z +y for (z,y) € R, find

(a) S(P,f)

(b) S(P,f)

(c) the Riemann sum S(P, f) of f that uses the midpoints of the rectangles of P .

. If f isacontinuouson D, A istheareaof D and m < f(z,y) < M forall (z,y) € D,
show that

mA < //Df(a:,y)dxdy < MA.

4 2 23
. Compute / / sin(— — x)dxdy .
1 Jym 3

. Find the area of the region bounded bye the curves  =y? and z =4y?> — 3.

. Find the volume of the solid region bounded bye the paraboloid z =4 — 22 —y? and the

planes z =3 and 2=0.
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. Find the area of the limacon r =2 —sinf . (Sketch the region)
. Find the area of the region bounded by the graph of r = 2sin36 . (Sketch the region)

. Change the order of the integration to write the following sum of iterated integrals

R/\V2 prm R VR2 2
/ / f(x,y)dxder/ / f(z,y)dydz
0 0 R/V2J0

as a single integral of the form
// [z, y)dady.
D

. Compute the following integral:

8 ,v64—a2
/ / (16 — 2/ 22 + y?)dydx
—8.J—

V64—22

. Find the volume of the solid region above the xy— plane bounded on the sides by the
cylinder x? +y? —4x = 0, above bye the cone 22 =22 + 2.
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. The gamma function is defined as,

Show that I'(1/2) = /7.

. Evaluate the integral
. Find F'(z) if

. Evaluate )
a
//exp(max(meQ,QQyz))dydx,
o Jo
where a and b are positive real numbers.

. What relation must hold between the constants a, b and ¢ to make

o0 [e.9] 9 2b 2
/ / lam™ 202y ey™) gy = 17
—0o0 —0o0

(Hint: Make a substitution s and ¢ so that az? + 2bxy + cy? = 52 +12.)
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10.

. Determine the arc length of the curve = = e‘cost, y = efsint, z =0 between t =0

and t=1.

Show that the curve =1t , y=2t?, 2z =13 intersects the plane =+ 8y+ 12z = 162 at
right angles.

. Find the value of §[(3z + 4y)dz + (2x + 3y*)dy] around the circle z? + y? = 4.

. Find [FdR from (1,0,0) to (1,0,4),if F = (z,—y,z)

(a) along the line segment joining these two points,

(b) along the helix = = cos(2nt), y = sin(27t), z = 4t.
Evaluate
y{[(y + yzcoszyz)dx + (22 + zz cos zyz)dy + (2 + zy cos zyz)dz]

2 y2

along the ellipse %+ % =1, z=1.
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11.

12.

13.

14.

15.

Let F = (2zyz + 22 — 2y% + 1)i + (222 — 4ay)j + (22y + 222 — 2)k and let C be the
directed curve which is the broken line obtained as the line segment from the origin to

(1,2,3) followed by the line segment from (1,2,3) to (3,4,5). Find [, FdR .

Evaluate f((olg)) [(152* — 32%y?)dx — 223ydy] along the path 22* — 62y +23y =0.

0<t< 0.

Find the area inside the loop of Descartes’folium x = #, Yy = %,

Evaluate the line integral fC xyzds , where C is the part of the helix z = acost, y =
asint, z=">bt from (0,0,0) to (—a,03bm) .

Let C be the boundary of the region bounded by =z =y? z=1+9% 2y =2, zy =3
which is oriented counterclockwise. Evaluate fo[(e‘”3 — 2y3)dx + (siny?® + 12%)dy] .
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16.

17.

18.

19.

20.

Let f(z,y) =In(2®+%?) andlet C be the circle 22+4%? = a® . Evaluate the flux integral

jl{ Vf-nds,
C

where n is the unit normal vector to C .

(a) Find the area enclosed by the curve

2cost —sint -

r=( 5 )i+ (sint)j, 0<t<2r.

(b) Find an equation for the curve in Cartesian coordinates and use the equation to identify

the curve.

Let P,Q have continuous first partial derivatives with P, = @, except at (4.0), (0,0),
(—4,0). Let C; denote (z—2)2+9y> =9, Cy denote (r+2)>+3y?> =19, C3 denote
22 +y?> =25 and C,; denote x?+ y?> =1 . Suppose that

Pdx + Qdy =11, ¢ Pdz+ Qdy =9, j'{ Pdx + Qdy = 13.
Ch Ca Cs

Find fc4 Pdx + Qdy .

Find the area of the portion of the surface x = 9 — y? — 22 that lies above the ring
1 <y?+2%2<9 inthe yz— plane.

Integrate g(z,y,z) = xyz over the surface of the rectangular solid bounded by the planes
r==a, y==+b and z=*+c.
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21. Compute the surface integral of F' = (z,0,0) over the triangle with vertices (1,0,0),
(0,2,0), (0,0,3) taking the normal on the side away from the origin.

22. Given F = (z,—y,0) . Find the value of [ [ F-ndS over the closed surface bounded by
the planes z = 0, z = 1 and the cylinder z? + y? = a?, where n is the unit outward

normal.
23. Let E = —grad(|R|™") where R = (z,y,2).

Show that E = R/ |R|*.

Find fc EdR , when C' is the line segment joining the points (0,1,0) and (0,0,1) .
Compute [ fSl E -ndS , when S; is the sphere 22+ y?>+22=9.

Evaluate [ [, S, FE-ndS , when Sy is a cube with edges one unit long, centered at the
origin.

(e) Give, if possible, an example of a sphere S with positive redius such that [ [ FE-
ndS =0.

24. Find the area of the part of the graph of z = 22 — y? whose projection onto zy— plane
is 22 +y?<1.
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25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

Evaluate [ fC ydA , where C is the upper half of the cardioid disk r <14 cos@ .
Find the volume lying between the paraboloids z = z? + 32 and 3z =4 — 2% — 3% .

Find the volume lying inside both the sphere x?+%%+22 = 2a? and the cylinder z2+y? =

a® .

Find the area of the region in the first quadrant bounded by the curves zy = 1, zy =
4, y=z and y=2z.

J | [g(1+2x —3y)dV over the box —a<z<a, -b<y<b —c<z<c.

[ [ [p(3+2zy)dV over the solid hemispherical dome D given by 2?+y*+ 2% <4 and
z>0.

[ [ Jp(ay +2%)dV over theset 0<z<1—|z]—|yl.
[ [ [psin(my®)dV  over the pyramid with vertices (0,0,0), (0,1,0), (1,1,0), (1,1,1)
and (0,1,1).

IS mcﬂ/ over the region bounded by the six planes 2 =1,2 =2,y =0,y =

z,e=0 and z=y+z.

Find the volume of the region lying inside the cylinder z2+4y? =4 , above the zy— plane
and below the plane z =24 x.

In exercises 11 and 12 below express the given integral and sketch the region over which
integral is taken. Write the integrals so that the outermost integral is with respect to «

and the innermost with respect to z .
1 1—z 1

Jo dz [y " dy [y f(z,y, 2z)dx

fol dz fol dz Ox_z flx,y, 2)dy

Describe the set of point in 3— space that satisfy the following equations in spherical

coordinates

(a)§ =m/2 (b)p =7/2 (c)p=4  (d)p=2cos¢.

In exercise 14 — 16 find the volumes of the indicated regions
Inside the cone z = \/x2 + y? and inside the sphere z? +y? + 22 = a? .
Between the paraboloids z =10 — 22 —¢? and z =2(z? +y% - 1).

Above the zy— plane, inside the cone z = 2a—+/22 + 2 and inside the cylinder z?+y? =
2ay .
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L.

41.

42.

43.

w

44.

45.

II.

46.

47.

I11.

48.

49.

Ne)

50.

51.

Change the order of the integration

fo f2:v , y)dydz

vV an:t:
fo f f(z,y)dydz

ffﬁ‘;iz — [z, y)dydx
SES
f02 [ f(x,y)dydx

fR/f fO x,y)dydzr + fR/«f fo f(x,y)dydx

Sketch the region D and then evaluate

fo Hcosxy sin zdydz

f7r/2 3cosy

—r/2 Jo 22 sin? ydxdy

Change the variables as indicated and evaluate
f02 Jo F(V/22 +y2)dydxr  (use polars)
m Va2 +y2dydz  (use polars)

ffD\/l—i—;—%—;dmdy, D is the ellipse i—z—i—%—;:l-use x=arcosf, y=>brsinf .

fofb‘rfxydydx 0<a<bc>0) -use u=x+y, wv=y.



