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1. a) Show that the 1-form
ydxr — xdy
w=——-—
2?2 4 y?
is a closed 1-form on R?\ {(0,0)}.
b) Evaluate / w where S! is the unit circle in R,
S1

c) Is the form w exact? Prove your answer.

d) Let
Ci=8"={(z,y) € R?|2® +y* = 1} and Cy = {(z,y) € R*|(z —2)* +y* = 1}.
Determine if there is a diffeomorphism ¢ : R? \ {(0,0)} — R?\ {(0,0)} such

that (p(Cl) = CQ.

What happens if we let ¢ be a diffeomorphism of R??

2. Consider
52
(IL’, Y, Z) ~ (—SU, -Y, _Z)

as the quotient space of S? by the equivalence relation o, where (z,v,2) ~

RP? =

(«',y',2") if and only if (2/,y',2") = (z,y,2) or (—x,—y,—z), define the map
F:RP? — R’ by setting [z :y: 2] — F([z:y: 2]) = (2%, y% 2y, 22, y2)
where [z : y : 2] denotes the equivalence class of the point (z,y,2) € 5% (S? is

the unit sphere in R?).

a) Prove that F'is 1 — 1.

b) Prove that F' is a homeomorphism onto its image.
c¢) Prove that F' is an immersion.

d) Conclude that F' is an embedding (smooth).



3. Show that there is no smooth map f : > — S* such that f|,s—c: C — S'is
a diffeomorphism, where S! is the unit circle in R? and X is the surface with

boundary below:

Figure.

1
4. a) Let f: R*\ {(0,0)} — R be a smooth function such that |f(z,y)| € NG
T

where r = 2? + y?. If S}, denotes the circle of radius R and with center at the

origin show that

‘/ [z, y)dx| < 2rv R and
Sk

similarly |/ flz,y)dy| < 2nVR.
Sk

b) Let w = p(x,y)dz + q(x,y)dy, where

|p<x,y>|s% and |q<x,y>|§%

for any (z,y) # (0,0) (p(z,y), ¢(x,y) smooth functions or R?\ {(0,0)}).
Show that |fs}% w| < 47vR, R > 0.

¢) Assume now that w is also closed. Show that | [, w| < 47/R for any R
(Use Stokes” Thm).

d) Conclude that [ w = 0.



