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(12 pts.) Q1. Given that f(x) = cosx is a
solution of�

D4 +D3 �D2 +D � 2
�
y = 0 ,

�nd the general solution of �
D4 +D3 �D2 +D � 2

�
y =

2x+ 1 .

Answer:
Since cos(x) is a solution, �i is a root of �D4 +D3 �D2 +D � 2

�
.

So,(D + i)(D � i) = D2 + 1 divides �D4 +D3 �D2 +D � 2
� .

By dividing, we get the factorization�
D4 +D3 �D2 +D � 2

�
= (D

2
+1)(D

2
+D � 2) = (D2

+1)(D + 2)(D � 1):

Thus,yc = c1 cosx+ c2 sinx+ c3e�2x + c4ex:

Since g(D) = D2 is the smallest order such that D2(x+1) = 0

and the roots of D2 = 0;only 0 which is di¤erent than
�1;�2; 1;

yp = A+Bx by the method of undetermined coe¢ cients.

Therefore,�D4 +D3 �D2 +D � 2
�
(A + Bx) = D(A + Bx) � 2(A +

Bx) = B � 2A� 2Bx = 2x+ 1:

This gives B = �1; A = �1.

Then, yp = �1� x:

Thus,y = yc + yp = c1 cosx+ c2 sinx+ c3e�2x + c4ex � 1� x

is the general solution.
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(11 pts.) Q2. Find the general solution of y00 � 2y0 + y =
exx�1;where 0 < x <1:

Answer:
L(D) = D2 � 2D + 1 = (D � 1)2 has only the real root 1.

Then, yc = c01ex + c02xex:

Using variation of parameters, we have yp = Aex + Bxex
with the equations
(1) A0ex +B0xex = 0 and
(2) A0ex +B0(ex + xex) = exx�1

Then ,(1) and (2) give B0ex = exx�1:

Then, B0 = x�1 and from (1) , A0 = �1

Then,by integrating, B = lnx and A = �x

So,yp = �xex + xex ln(x)

Therefore, y = yc + yp = c
0
1e
x + c02xe

x � xex + xex lnx

,or y = c01e
x + c02xe

x + xex lnx is the general solution.
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(12pts)Q3. Find the general solution of the equation
y00 � 2xy0 � 4y = 0 about the point x0 = 0.
Find also the radius of convergence of the general so-

lution.

Answer=
Since x0 = 0 is a ordinary point and the equation has

no singular point,
there exists a valid solution in the form y =

1X
n=0

cnx
n ,valid

on jxj <1.
Then, y =

1X
n=0

cnx
n; y0 =

1X
n=1

ncnx
n�1; y00 =

1X
n=2

n(n� 1)cnxn�2

Then ,from the equation, we have
1X
n=0

(n+ 2)(n+ 1)cn+2x
n � 2

1X
n=0

ncnx
n � 4

1X
n=0

cnx
n = 0

Then,
1X
n=0

[(n+ 2)(n+ 1)cn+2 � 2 ncn � 4cn]xn = 0

Hence, we get a recurrence relation (n+2)(n+1)cn+2�2(n+
2)cn = 0 for n = 0; 1; 2:::
(n+ 2) 6= 0 implies that cn+2 =

2
n+1cn for n = 0; 1; 2:::

Then,
n = 0; c2 =

2
1c0 ;n = 1 c3 =

2
2c1

n = 2; c4 =
2
3c2 ;n = 3 c5 =

2
4c3

n = 4; c6 =
2
5c4 ;n = 5 c7 =

2
6c5

:::

From these, we can see that
c2n =

2
2n�1c2n�2 =

2n

1:3:5:::2n�1c0

and

c2n+1=
2
2nc2n�1=

1
1:2:3:::nc1

Therefore,
y = c0[1 +

1X
n=1

2n

1:3:5:::(2n�1)x
2n] + c1[x +

1X
n=1

1
n!x

2n+1] is the general

solution.
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