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(12 pts.) QL. Given that 1I(x) = cosx 18 a
solution of

(D*+D*—D?*+D—-2)y=0

find the general solution of (D*+D*-D>+D-2)y=
2z +1

Answer: . _

Since cos(z) is a solution, +iisaroot of (p*+ D* -~ D? + D -2)

SO,(D +i)(D —i) = D2+ 1 divides (D*+ D*- D>+ D -2) .

By dividing, we get the factorization
(D*+D? ~ D>+ D - 2) = (D*+1)(D*+D — 2) = (D*+1)(D +2)(D — 1).

ThUS,yC = ¢1Co8T + cysinz + ce” 2% 4 cqe”.
Since ¢(D) = D? is the smallest order such that p2(z+1) =0
and the roots of p? = 0,only o which is different than
+1,-2,1,
y, = A+ Bz by the method of undetermined coefficients.

Therefore,(D* + D* — D2 + D —2) (A + Bz) = D(A + Bz) — 2(A +
Bx)=B—2A—-2Bx =2z + 1.

This gives B=—-1,4=—1.
Then, Yp = —1—=x.
ThU.S,y =Y+ Yp =C1COST + cosinx + cse™® fcqe® —1—zx

is the general solution.



(11 pts.) Q2. Find the general solution of y’ -2y +y =
ezx—l,where 0<z<oo.

Answer:
L(D)=D*—-2D+1= (D —-1)? has only the real root 1.

Then, Yo = ) €% + chze®.
Using variation of parameters, we have y, = 4e® + Bze”
with the equations
(1) A'e® + B'ze® =0 and
(2) Ale® + B'(e* + ze®) = ez~ !
Then ,(1) and (2) give Be* = ¢z
) g
Then, B’ =2z and from (1), 4 =-1
Then,by integrating, B=mz and 4= —=
SO,yp = —ze” + ze” In(x)
Therefore =Y.+ 1y, = cie® + chwe® — xe® + xe®Inx
y Y=YeTYp 1 2

Oy =cie” + chre” + ze® Inz 1S the general solution.



(12pts)Q3. Find the general solution of the equation

y" — 22y’ — 4y = 0 about the pOiIlt o = 0.

Find also the radius of convergence of the general so-
lution.

Answer= |
Since z, =0 is a ordinary point and the equation has

no singular point,
there exists a valid solution in the form y = 3" ¢,z ,valid

n=0
on |z| < cc.

Then,y:icn y—chx”I " i (n —1)cpz"?

Then from the equatlon we have /

Z( +2)(n+ 1)cppoz™ — 2 chn 4ch =

n=0 n=0 n=0
Then,

oo

Z[(n +2)(n+ 1)cpq2 — 2 ne, — 4ep)z™ =0
n=0

Hence, we get a recurrence relation (n+2)(n+1)c, 2 —2(n+
2)e, =0 for n=0,1,2...
(n+2) #0 implies that ¢, = -2.¢, forn=o012.

n+1
Then
)
=0 _ 2 ‘n=1 _ 2
n =2~u, Co = FCp yn = C3 = %Cl
n=2, C4 = %Co n=3 cs = %03
n =4, Ce = £C4 in=>5 7 = 565

From these we can see that

2"
Con = 2n m—1C2n—2 = 135.2,-1°0

and
—2 -1
Can+1=3,C2n-1=133. 5 C1

Therefore,

= coll + ) tasZmme®] + ale + Y La+1] is the general
=1

n=1

solution.



