
P R O B L E M S (8)

1. (A) If f : ∆1 = {z ∈ C | |z| < 1} −→ ∆1 is an analytic function such that
f(a) = a for some a ∈ ∆1, prove that |f ′(a)| ≤ 1.

(B) If f : ∆1 = {z ∈ C | |z| < 1} −→ ∆1 is an analytic function with two distinct
fixed points prove that f is the identity function.

(C) If f : ∆1 = {z ∈ C | |z| < 1} −→ ∆1 is an analytic function such that
f(a) = a for some a ∈ ∆1, and f ′(a) = 1, prove that f is the identity function.

(D) Let Ω ⊆ C be a simply connected open set. If Ω 6= C, prove that for each
a ∈ Ω and λ ∈ C with |λ| = 1, there exists a unique analytic bijection g : Ω −→ Ω
such that f(a) = a and f ′(a) = λ.

2. Given a, b, c, R1, R2 ∈ R with 0 < R1 ≤ a ≤ b ≤ R2 and an analytic function
f : Ω −→ C such that {z ∈ C | R1 ≤ |z| ≤ R2} ⊆ Ω prove that

(log c− log a) log Mf (b) ≤ (log c− log b) log Mf (a) + (log b− log a) log Mf (c)

where Mf (b) = max {|f(z)| | |z| = r} for any 0 < R1 ≤ r ≤ R2 .

3. Let
Ω = C− {xi | x ∈ R, x2 ≥ 1} .

(A) Let h : Ω −→ C be defined by

h(z) =
2z

1 + z2

for any z ∈ Ω. Prove that
f(Ω+) ⊆ Ω+

and
f(Ω−) ⊆ Ω−

where
Ω+ = {z ∈ | Re(z) > 0} and Ω− = {z ∈ | Re(z) < 0} .

(B) Prove that it is possible to define a branch of arctan on Ω with arctan(0) = 0.
(C) Prove that

h(z) = i tan
(
2 arctan (iz)

)
for any z ∈ Ω.

(D) Prove that

hn(z) = i tan
(
2n arctan (iz)

)
for any n ∈ Z, n ≥ 1 . for any z ∈ Ω.

(E)1 Prove that
lim

n−→∞
hn(z) = 1
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if z ∈ Ω+ and
lim

n−→∞
hn(z) = −1

if z ∈ Ω− .

S U P P L E M E N T T O P R O B L E M S (6)

15. Given an analytic function Ω ⊆ C and points

a1, a2, · · · an ∈ ∆R = {z ∈ C | |z| < R}

where ∆R ⊆ Ω , let

τ(z) =
n∏

k=1

(z − ak) .

Prove that

P (z) =
1

2πi

∫
Γ0,R

f(ζ)

τ(ζ)

(
τ(ζ)− τ(z)

ζ − z

)
dζ

is a polynomial which coincides with f at a1, a2, · · · an .

16. Let f be analytic on
∆R = {z ∈ C | |z| < R}

and continous on ∆R .
(A) Prove that

f(a) =
1

2πi

∫
Γ(0,R)

f(z)

z − a
dz

for any a ∈ ∆R.
(B) Prove that

f(a) =
1

2πi

∫
Γ(0,R)

R2 − |a|2

(z − a)(R2 − za)
f(z)dz

for any a ∈ ∆R.
(C) Prove the “ Poisson Formula ”

f(reiθ) =
1

2π

∫ 2π

0

R2 − r2

R2 − 2Rr cos (θ − ϕ) + r2
f(Reiϕ)

for any r ∈ [0, R)and any θ ∈ R .
(D) Suppose f satisfies |f(z)| ≥ 1 for all z ∈ ∆R. Applying the Poisson Formula

to log f(z) prove that

|f(z)| ≤ |f(0)|
R+R′
R−R′

when |z| ≤ R′ with 0 < R′ < R .


