PROBLEMS (8)

1. (A)If f: Ay ={2€ C| 2] <1} — A; is an analytic function such that
f(a) = a for some a € Ay, prove that |f'(a)] < 1.

B)If f: Ay ={z€C||z] <1} — A, is an analytic function with two distinct
fixed points prove that f is the identity function.

(C)If f: A ={2¢€C||z] <1} — A; is an analytic function such that
f(a) = a for some a € Ay, and f’'(a) = 1, prove that f is the identity function.

(D) Let © C C be a simply connected open set. If 2 # C, prove that for each
a € Q and A € C with |A\| = 1, there exists a unique analytic bijection g : Q@ — Q
such that f(a) =a and f'(a) = A.

2. Given a,b,c,Ri, Ry € R with 0 < R; < a < b < Ry and an analytic function
f:Q — Csuch that {z € C| Ry < |z2| < Ro} C Q prove that

(log ¢ — log a) log M¢(b) < (logc — logb) log My(a) + (logb — log a) log M¢(c)
where M;(b) = max {|f(z)| | || =7} forany 0 < Ry <r < R, .

3. Let
QO=C—{zi|zeR,2*>1}.

(A) Let h: Q@ — C be defined by

2z
M) = 1+ 22
for any z € Q). Prove that
f(8) €Oy
and
fa)ca
where

Q, ={z€ |Re(z) >0} and Q_={z€ | Re(z) <0}.
(B) Prove that it is possible to define a branch of arctan on Q with arctan(0) = 0.
(C) Prove that
h(z) = itan <2 arctan (zz))

for any z € €.

(D) Prove that

h"(z) =itan <2” arctan (zz))

for any n € Z, n > 1 . for any z € .

(E)! Prove that
lim A"(z) =1

n—-—uoo
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it z € (2, and
lim A"(z) =—1

n—-—aoo

if e Q_ .

SUPPLEMENT TO PROBLEMS (6)

15. Given an analytic function 2 C C and points
ap,as, - -a, € Ap={2€C||z| < R}

where A C Q| let

Prove that

Py =g [ 19 (101

- 2mi To.n 7(¢) (—=z
is a polynomial which coincides with f at aq, a9, --a, .

16. Let f be analytic on
Ar={z€C||z| <R}

and continous on Ay .
(A) Prove that

_ 1 f(2)
fla) = 2mi /F(O,R) z — adz

for any a € Ag.
(B) Prove that

L B~ Jaf 2)dz
Jla) = 271 /F(O’R) (z —a)(R?— zd)f( )d

for any a € Ag.
(C) Prove the “ Poisson Formula ”

0 1 2 R2 _ ,,,.2 )
0y _ i
f(re”) 27 /0 R? —2Rrcos (6 — ) + 12 J(Re)
for any r € [0, R)and any 6 € R . B

(D) Suppose f satisfies |f(z)| > 1 for all z € Ag. Applying the Poisson Formula
to log f(z) prove that

R+R’

[f ()| < [F(0) 7=
when |z] < R with0 < R < R.




