PROBLEMS (7)

1. Let €2 C C be open and connected, f : 2 — C be a nonconstant analytic
function. If the absolute value of f attains a local minimum at a € €2, prove that

f(a)=0.
2. (A) ! Given a polynomial

p(2) = ag+ a1z + a2 + -+ a2

where a,, # 0, prove that

2 n — — 2 n

2 n
!Z!2max<1,— \%’)-
] k=0

(B) Prove that p(C) is a closed set and deduce the fundamental theorem of
algebra.

"

for all z € C with

3. Find the maximum value of the absolute values of

2 z+5H

(3)2_5 (C)22+2-1 (D)5—|z?

on K={ze€C| |z <1}.

4.2 If f is analytic on
Ar={z€C||z| <R}

with f(0) =1 and Re(f(z)) > 0 for all z € Ag , prove that

R — 2|
R+ |z|

R+ |z
R — 2|

<[f(x)| <

for any z € Agr. (Hint : Consider F' = o fo1) where 9 is an analytic map sending
A into Ag and ¢ is an analytic map sending the open right halfplane into A;.)

5. If f is analytic on
Ar={z€C||z| <R}

and satisfies f(Ag) C Ay, where

Ap ={z€ C | Re(z) < h}
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for h > 0, prove that

2h R+ |z|
| < —
n(/(2)] € =521

for any z € Agr. (Hint : Consider the bijection ¢ : {z | Re(z) > 0} — A}, defined

2h 142
by ¢(2) = — 10g<1_z) )

6. If f is analytic in the upper half-plane

Q={ze€C|Im(z) >0}
and satisfies f(2) C Q, prove that

()~ fla)| _|z~a
f(2) = fla)] ~ |z —al
for any z,a € €2 . Deduce that

: Im(f(2))

for any z € Q) .

7. If f is analytic on
Ar={2z€C| |z| < R}

and satisfies | f(z)| < M for every z € Ag, prove that

M(f(z) = f(@) <’R@—®
M2 — f(a)f(2) R? —az

for any z,a € Ag . Deduce that

(F) ren < e

for any z € Ar . (Hint : Find analytic ¢ : Agp — Ay with ¢(a) =0 .)

8. (A) Given analytic ¢ : Q C,, C — C, prove that for any a € Q the function
Y : Q — C, defined by

o) o) - G-
b(z) = =

1
—¢"(a) for z=ua

is analytic on € .
(B) Consider an analytic function f : A; = {z € C | |z] < 1} — C which
satisfies f(0) = f’(0) =0 and |f(2)| <1 for all z € A, . Prove that

(B1)  [f(2)] <[z



for all z € Ay — {0} and
(B2) [/(0) <2

(C) Prove that in order for (B1) to reduce to an equality for even one z € A;—{0}
or (B2) to reduce to an equality it is necessary and sufficient that f(z) = cz? for
some ¢ € C with |¢|] =1 .

(D) Let g : Ag = {2z € C | |2|] < R} — C be an analytic function such that
lg(2)] < M for all z € Ar and ¢'(a) = 0 for some a € Ag . Prove that

M(Q(Z) - g(a)) - ‘R(Z —a)|’
M2 —g(a)g(z) |~ | B —az

for all z € Ap and
o M~ lg(@)P?)
9 (0)] < = e

(Hint : Make use of the map H,; : A, — A, for r > 0 and b € A, defined by

H(2) = r(z —b)

o2 —bz
and consider f = Hy gy 0 g0 Hg; )

9.3 Consider the analytic function f: A; = {z € C | |2] < 1} — C which satisfies
f(0)=0and |f(z)] <1forall z€ A, .
(A) Prove that

f(2) + f(=2)] < 2]z

for any z € A; and
O <2.

(B) Let w = €*>™/3 . Prove that
f(2) + flw2) + fw?2)] < 32

for any z € A; and
f70)] <3

(C) What are the circumstances under which the any of the above inequalities
turn into equalities ?
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SUPPLEMENT TO PROBLEMS (6)

13. Let f be an entire function. If Re(f) is bounded from above prove that f is a
constant function. (Hint : Consider e/(*) .) What happens if Re(f) is not bounded
from above but bounded from below ?

14. Let f: Q Cpp conn € — C be an analytic function.

(A) If the equation f(z) = ¢ has infinitely many solutions in a compact subset
of € for some ¢ € C, prove that f is constant.

(B) Give an example of an analytic function with infinitely many roots in a
closed subset of C.

(C) Give an example of an analytic function with infinitely many roots in a
bounded subset of C.



