
P R O B L E M S (5)

1. (A) Given a series
∑

an prove d’Alembert’s ratio test :
∑

an is absolutely
convergent if

lim sup |an+1/an| < 1 .

(B) Let a, b ∈ C with 0 < |a| < |b|. Prove that the series

1 + a + b2 + a3 + b4 + · · ·

is convergent iff it is absolutely convergent iff |b| < 1 . This example demonstrates
that d’Alembert’s ratio test is weaker than the Cauchy-Hadamard Criterion.

2. Given a series
∑

an with limn−→∞ |an+1/an| = 1, prove Raabe’s Test :
∑

an

is absolutely convergent if

lim sup

[
n
(
|an+1

an

| − 1
)]

< −1 .

3. (A) Prove that a series
∑

an is absolutely convergent if

lim sup(
log |an|
log n

) < −1 .

(B) Prove that a series
∑

an is not absolutely convergent if

lim sup(
log |an|
log n

) > −1 .

4. Find the set M of values of z ∈ C for which the series∑ (
z

1 + z

)n

is convergent. Is this series uniformly convergent on M?

5. Find the disc of convergence of the following series :
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6. Let R > 0 be the radius of convergence of
∑

anz
n.

(A) Prove that the radius of convergence of
∑

n3anz
n is equal to R.

(B) Express
∞∑

n=0

n3anz
n

in terms of

f(z) =
∞∑

n=0

anz
n

and its derivatives on V (0, R) .

7. For each n ∈ Z, z ≥ 0, let an be recursively defined by

an+2 = αan+1 + βan

for some α, β ∈ C with a0 = 0, a1 = 1 .
(A) Prove that

|an| ≤
[

2max
(
|α|, |β|, 1

2

) ]n−1

.

(B) Prove that the radius of convergence of
∑

anz
n is

R = min ( |z1|, |z2| )

where z1, z2 are the roots of βz2 + αz − 1 = 0 . Observe that R > 0.
(C) Prove that for |z| < R,

∞∑
n=0

anz
n =

z

1− αz − βz2
.


