PROBLEMS (1)

. Prove that Im(iz) = Re(z) and Re(iz) = —Im(z) for any z € C .

. Prove that |z|> + a®> = |z + a|? — 2Re(az) for any a € R and z € C .

1
2
3. Prove that |2|? + 2Re(bz) = |z + b|> — |b|? for any b,z € C .
4. Compute (144)" — (1 —4)" wheren€Z, n>0.

5

. Putting z = x + yi generically, compute

Re(z*) , Im(z7?) |, RB(E:;;)

in terms of x,y .

6. Putting z = = 4 yi generically, prove that

7. Putting z = x + yi generically, prove that

max(ja], ly)) < |2| < V2 max(Jzl, |y]) -

8. Given ¢ € C with |¢| = 1 and ¢ # £1 prove that

Z—C

=
cz—1

iffzeR.

9. Prove that
1 —az]> — |z —af* = (1 — |2[*)(1 — |af’)

for any iff z,a € C .

10. Given z,a € C with |a| < 1, prove that

‘Z_f‘<L —1, >1
1—az

iff |zl <1, =1, >1 respectively.

11. Prove that

2 bw!?
22 4 w]? — 22 + w?| < 2laz + bwl®

< Qi < 2P+ w4 |22+ w?



for any z,w € C and a,b € R with a® + b% # 0.
(Hint : Introduce o with tana = a/b when b # 0 and express the middle term
in the form A + Bsin2a + C cos 2a, evaluate minimum and maximum thereof. )

12.' (A) Given ¢ € C — {0}, d € C, prove that

led — ed|
<t +d
o =l
for any t € R. )
et a,b,c,d € C with ad — bc ,and t € R. If cd — dc , prove that
(B) L b,c,d € C with ad — be # 0, and R. If cd —dec #0 h
lab — bal - at+b| - lad — be| + |ad — be|
lad — be| + |ad — be| — ‘et +d' ~ led — de|

What happens if cd —de =0 ?
13. For any a,b,c € R with a # 0,b* — 4ac < 0, prove that the quotient ring

__ Rfz]
(az? + bx + c)

is a field which is isomorphic to C . What happens if b*> — 4ac > 0 ?

14.%2 For any field IF, let F* be the multiplicative group of nonzero elements of .
Let F* denote F as additive group.
(A) Prove that ¢ : C* — S' = {2 | |z| = 1} defined by ¢(z) = z/|z| is a group
homorphism. Deduce that
S' ~ C*/R%,
where RZ is the multiplicative group of positive real numbers.
(B) Prove that ¢ : C* — R* defined by v(z) = log |z| is a group homomor-

phism. Deduce that
Rt ~ C/S!

(C) Prove that
C*~R%, @S
(D) Prove that
R ~ RZ,

(E) Express R as the direct sum of infinitely many copies of QT and prove that
the groups C* and S' are isomophic.

15. Consider C with its standard structure as a vector space over the field R. The
set {1,4} constitutes the standard basis of C as vector space over R.
(A) Prove that each R-linear map ¢ : C — C is of the form

o(z) =az+bz
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for some a,b € C.

(B) Compute tr(y), det(p) and ¢! if det(y) # 0 in terms of a,b € C.

(C) Prove that an R-linear ¢ : C — C is C-linear iff p o J = J o ¢ where
J : C — C is an R-linear map which is represented by the matrix

0 —1
1 0
with respect to the standard basis of C over R .

16. For any field IF, let F*** denote the ring of k& by k matrices with entries from F.
(A) Prove that the subring of R?*? consisting of matrices of the form

r -y

y T

constitutes a field which is isomorphic to C.
(B) Prove that A € R**? satisfies A?> = —1I iff there exists a non-singular U €

R2*2 guch that
A:U[(l) _Ol]U‘l.

(Hint : Consider any u € R? — {(0,0)} and note that {u, Au} constitutes a basis
for R?.)
(C) Prove that each R-linear ring homomorphism ) : C — R?*? is of the form

@D(:Jc-l—z'y):W{z _y}w—l

i

for some non-singular W € R?*2,

17. (A) Prove that
H:{[Z_ __“’} |z,w€C}§C2X2
w oz

constitutes a division ring with respect to the usual matrix addition and multipli-
cation.
(B) Observe that each q € H can be written uniquely in the form

q=uzl+vyi+ zj+ wk

for some z,y, z,w € R where

I EE R RS

Prove that

and



¢ The elements of the noncommutative division ring H are referred to as the quater-
nions 3. Clearly C can be identified with {z + yi | x,y € R} C H so that it is
possible to obtain the division ring extensions

RcCcH

and 1 may be omitted. The quaternions exhibit properties which seem at first to
be similar to yet under closer scrutiny drastically deviate from those of complex
numbers.o

(C) Prove that C x C becomes a division ring under the multiplication

(21, w1) (29, wo) = (2129 — W1Wa, 21wy + W1 2Z2)

which is isomorphic to H .
(D) The conjugate q of q € H is the complex conjugate of the matrix q. Prove
that
g=x—yi—zj—wk
if g =2 + yi + zj + wk . Is conjugation a division ring automorphism in H 7
(E) The norm |q| of q € H is the positive square root of the determinant of of

the matrix q. Prove that |q|> = gq = qg and |qr| = |q| |r| for any q,r € H .
(F) Prove that

(@ + b+ +d) (2 + P+ 22 +w?) = (ax —by — cz — dw)?
+ (ay + bz + cw — dx)?
+ (az + cz + dy — bw)?
+ (aw + dz + bz — cy)?

for any a, b, ¢, d, x, y, z, w € R.
(G)* Given q € H define the real part Re(q) of q by 2Re(q) = q+ . Prove that

Re(a) = 7 (o iai — jaj — kak)

3Quaternions were introduced by W. R. Hamilton in 1843.
4J. C. Holladay : A note on the Stone-Weierstrass theorem for quaternions. Proceedings of the
American Mathematical Society 8(1957)656-657.



