
BASIC TENSOR ALGEBRA : PART 2

Every vector space U is isomorphic to its dual U? simply because both spaces have the
same dimension. However, this isomorphism is not canonical.

A bilinear map g ∈ Tens0,2(U) is a called an inner product on U if it is symmetric and
positive definite. In the presence of an inner product g = 〈•, •〉 on U there is a canonical
isomorphism 1 between U and U? that sends each x ∈ U to x[ ∈ U? defined by

x[ = 〈x, •〉 .

The image of α ∈ U? under the inverse of this isomorphism is denoted by α] ∈ U. This
initiates a perfect symmetry between U and U? so that

(x[)
] = x and (α])[ = α

for any x ∈ U and α ∈ U?. In this context the first move is to carry over the inner product
g = 〈•, •〉 on U to an inner product g? = 〈•, •〉? ∈ Tens0,2(U?) on U? defined by

g?(α, β) = g(α], β])

for any α, β ∈ U?. Clearly
α] = 〈α, •〉?

and
g(x, y) = g?(x[, y[)

for any x, y ∈ U.

In the presence of a basis {ei}1≤i≤n for U and its dual {ei}1≤i≤n for U?, if

g = 〈•, •〉 = gij ei ⊗ ej

and
g? = 〈•, •〉? = gij ei ⊗ ej ,

clearly (ei)[ = 〈ei, •〉 = gije
j . Similarly (ei)] = 〈ei, •〉? = gijej .

In view of the fact that

ei = ((ei)[)
] = (gipe

p)] = gipg
pqeq

1Folklorically referred to as the “musical correpondance ” .



it is found that
gipg

pj = δj
i

equivalently
[gpq]1≤p,q≤n = ( [gij ]1≤i,j≤n )−1 .

Concerning the change which the components of covectors and vectors under the “mu-
sical correspondence” there are the well establihed conventions of index raising and
index lowering : If

x = xiei,

then clearly
x[ = xie

i

where
xi = gipe

p.

Similarly, if
α = aie

i,

then clearly
α] = aiei

where
ai = gipep.

The convention of index raising and lowering is directly extended to tensors other that
vectors and covectors, with a little care exercised in tracing from where to where an index
is raised or lowered. It has developed into a craft that is sometimes mockingly referred
to as “index gymnastics” by the general mathematical public, but has proven itself quite
indespensible in differential geometry, relativistic physics and continuum mechanics. A
few examples will be sufficient to illustrate the basic idea :

giw gwj = δi
j , S k

ij pq = gkwSijwpq = gqwS k w
ij p

PROBLEMS

I. Consider the n-dimensional Euclidean space or equivalently the inner product space (Rn, 〈, 〉) where
〈, 〉 = δij ei ⊗ ej ∈ Tens(0,2)(Rn) .

(A) Let n = niei ∈ Rn be a vector of unit length. Prove that the tensor

H = (δ j
i − 2 nin

j) ei ⊗ ej ∈ Tens(1,1)(Rn)

considered as a map H : Rn −→ Rn is the reflection in the hyperplane perpendicular to n .



(B) Let u = uiei, v = viei ∈ Rn be vectors of unit length with u 6= v . Prove that the tensor

K =
h
δ j

i + α
�
uiv

j + viu
j − uiu

j − viv
j
�i

ei ⊗ ej ∈ Tens(1,1)(Rn)

where α = (1− 〈u, v〉)−1 , is a reflection that sends u into v.

II. Consider the 3-dimensional Euclidean space or equivalently the inner product space (R3, 〈, 〉) and let
a = aiei ∈ R3 be a vector of unit length.

(A) Prove that the tensor

R =
h

δ j
i cos θ + aia

j(1− cos θ)− ε j
i kak sin θ

i
ei ⊗ ej ∈ Tens(1,1)(R3)

is the rotation about a, through θ .
(B) Relapse into matrix notation to prove that provided θ 6= π

R = α

�
β v +

1

2
bbT v + b× v

�

for any v ∈ R3 where

b = 2 tan

�
θ

2

�
a

α = (1 +
1

4
〈b, b〉)−1

β = 1− 1

4
〈b, b〉 .

(C) Prove that

εijkεpqr = det

2
4

δip δiq δir

δjp δjq δjr

δkp δkq δkr

3
5

(Hint : First handle the case εijk = εijkε123 . )
(D) Let u = uiei, v = viei ∈ R3 be vectors of unit length with u 6= −v . Prove that

R =
h
δ j

i + viu
j − uiv

j + ξ(uiv
j − viu

j) + η(uiu
j − viv

j)
i

ei ⊗ ej

where

ξ =
〈u, v〉

1 + 〈u, v〉
η =

1

1 + 〈u, v〉
is a rotation that sends u into v.

III. In classical terminology, a tensor H ∈ Tens(Rn) is referred to as an isotropic tensor if F [H] = H for
all F ∈ SO(n) = {A ∈ Rn×n | AT A = AAT = I} .

(A) Prove that there exist no non-zero isotropic tensors of bidegree (1, 0) or (0, 1) over Rn .
(B) Prove that H ∈ Tens(0,2)(Rn) is isotropic iff

H(Ax, y) + H(x, Ay) = 0

for all x, y ∈ Rn and A ∈= {A ∈ Rn×n | AT + A = 0} . Derive similar conditions for tensors of bidegree
(1, 2) and (0, 4) over Rn .

(C) Prove that the only isotropic tensors of bidegree (0, 2) over Rn are scalar multiples of 〈, 〉 .
(D) Prove that the only isotropic tensors of bidegree (1, 2) over R3 are scalar multiples of the ordinary

cross-product on R3, in other words, the tensor

× = εi
jk ei ⊗ ej ⊗ ek ∈ Tens(1,2)(R3) .



(E) Prove that the subspace of isotropic tensors in Tens(0,4)(Rn) is generated by tensors of the form

δij δkl ei ⊗ ej ⊗ ek ⊗ el

and
(δij δkl + δil δjk) ei ⊗ ej ⊗ ek ⊗ el

and
(δij δkl − δil δjk) ei ⊗ ej ⊗ ek ⊗ el .


