
P R O B L E M S (8)

1. (A) Let T, T′ be topologies on X and T ⊆ T′. (In other words, T′ is stronger, or finer
than T.) If A ⊆ X is compact with respect to T′, prove that A ⊆ X is also compact with
respect to T.

(B) If A ⊆ R is compact in Rsor, prove that A ⊆ R is compact in R, as well.

(C) For any a, b ∈ R with a < b, prove that (a, b), [a, b), (a, b], [a, b] are not compact
in Rsor.

(D) If A ⊆ R is compact in Rsor, prove that A is bounded, A is closed Rsor and contains
no strictly increasing sequence.

(E) If A ⊆ R is not compact in Rsor, prove that A contains a strictly increasing
sequence. (Hint : There exists a countable (why ?) open cover A = {Vi}∞i=1 of A with no

finite subcover. Choose xn = inf
(
A− ∪n

i=1Vi

)
.) Conclude that A is compact in Rsor iff it

is closed in Rsor, bounded and contains no strictly increasing sequence. 1

(F) If A ⊆ R is compact in Rsor, prove that for any a, b ∈ A with a < b, there exists
m ∈ R with a < m < b such that A ∩ (m, b) = ∅.

(G) Prove that A ⊆ R is compact in Rsor iff A is bounded, A is closed in Rsor and
−A = {x ∈ R | − x ∈ A} is discrete.

(H) Prove that a compact subset of Rsor is countable.
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