
FIFTH LECTURE

Submanifolds

Just as the n-dimensional manifold was construed as a mathematical artifact to mimic Rn

locally, so does the p-dimensional submanifold of an p-dimensional manifold mimic the inclusion
of Rp in Rn, locally.

Let M be an n-dimensional manifold. A ⊆ M is said to be a p-dimensional submanifold
of M, if for every a ∈ A there exists a chart x on M such that a ∈ dom(x) and

x(A ∩ dom(x)) = (Rp × {b}) ∩ x(dom(x))

for some b ∈ Rn−p . Identifying Rp with Rp × {b} ⊆ Rp we see that x|A is a chart on A.
Such charts will be referred to as submanifold charts on A. Clearly submanifold charts on A
constitute a smooth atlas on A, making A into a smooth manifold. The inclusion map sending
A into M is clearly smooth.

EXAMPLE : Let M = R2, and A = S1 . On R2 consider the chart

x = (x1, x2) : dom(x) = R2 − {(0,−1)} −→ x(dom(x)) = R2 − {(0,−1)}

obtained by “inversion with center (0,−1) and power 2 ” defined by

x1((u, v)) =
2u

u2 + (v + 1)2
and x2((u, v)) =

1− u2 − v2

u2 + (v + 1)2

and the chart

y = (y1, y2) : dom(y) = R2 − {(0, 1)} −→ y(dom(y)) = R2 − {(0, 1)}

obtained by “inversion with center (0, 1) and power 2 ” defined by

y1((u, v)) =
2u

u2 + (v − 1)2
and y2((u, v)) =

u2 + v2 − 1
u2 + (v − 1)2

.

It can now be easily checked that

x(S1 ∩ dom(x)) = (R× {0}) ∩ (x(dom(x)) = R× {0}
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and
y(S1 ∩ dom(y)) = (R× {0}) ∩ (y(dom(y)) = R× {0}

showing that x|S1 and y|S1 are submanifold charts on S1. Indeed x|S1 and y|S1 are exactly the
1-dimensional charts on S1 obtained by stereogaphic projections. Therefore they induce the
standard smooth structure on S1. It is clear that the contents of the present example can be
readily modified to describe Sn as submanifold of Rn+1 .

In the presence of a p-dimensional submanifold of an n-dimensional manifold, the latter is
called the ambient manifold, the number n− p is referred to as the codimension. One can
allow the codimension to become zero by allowing open subsets of manifolds as submanifolds.
Similarly one can allow the codimension to attain the dimension of the ambient manifold by
allowing discrete subsets of manifolds as (0-dimensional) submanifolds.

REMARK : Submanifolds are preserved under diffeomorphisms. To be precise, if A is a
submanifold of M and h : M −→ N is a diffeomorphism, then h(A) is a submanifold of N.

REMARK : Being a submanifold is a transitive relation. In other words, if A is a submanifold
of M and B is a submanifold of A, then B is a submanifold of M.

REMARK : A is a submanifold of M iff A can be covered by a family F of open subsets of
M such that V ∩A is a submanifold of V for each V ∈ F .

Given manifolds M,N a map F : M −→ K is said to be an immersion if TmF : TmM −→
TF (m)N is injective for each m ∈ M. (Not of immediate interest for us is the dual concept : A
map F : M −→ K is said to be a submersion if TmF : TmM −→ TF (m)N is surjective for each
m ∈M. )

EXAMPLE : Consider F : R −→ R2 defined by F (t) = (sin t, sin 2t). Clearly

TaF ' [cos a, 2 cos 2a] 6= [0, 0] .

Therefore F is an immersion. Notice that F is not injective. On the other hand, F |(−π/4, π) is
injective but not a homeomorphism onto its image. Finally, F |(−π/4, π/4) is a homeomorphism
onto its image.

An imbedding is an injective immersion which is a homeomorphism onto its image.

REMARK : If M is compact , then an injective immersion F : M −→ N is always an
imbedding .

EXAMPLE : Consider for each k ∈ R the map

Fk : R −→ T2 =
R2

Z2

defined by Fk(t) = (t, kt) + Z2 for t ∈ R. Clearly Fk is an immersion for each k ∈ R − {0}. Fk
is an injection iff k ∈ R−Q in which case however, the image of R under Fk is dense in T2 and
Fk fails to be an imbedding.

THEOREM : Given an n-dimensional manifold M and a p-dimensional manifold H and an
injective immersion F : H −→ M, the subset F (H) ⊆ M is a submanifold of M iff F is an
imbedding.
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Proof : Suppose that F is an imbedding. Consider any s = F (h) ∈ F (H) ⊆ M where
h ∈ H, clearly. Choose a chart x on M and ξ on H such that F (dom(ξ)) ⊆ dom(x). Choose
a compact neighbourhood C ⊆ ξ(dom(ξ)) ⊆op Rp of ξ(h). Since ThF is injective, putting f =
x ◦ F ◦ ξ−1 : ξ(dom(ξ)) −→ x(dom(x)) it is seen that Dfξ(h) is injective, too. Evoking the
injective version of the implicit function theorem we can chose respective open neighbourhoods
U ⊆op x(dom(x)) ⊆ Rn and V ⊆op C ⊆ ξ(dom(ξ)) ⊆op Rp, V ′ ⊆op Rn−p of f(ξ(h)) ∈ Rn and
ξ(h) ∈ Rp, 0 ∈ Rn−p and a bijection g : U −→ V × V ′ of class Cr such that

g ◦ f(x) = (x, 0)

for all x ∈ V . Furthermore, since F is an imbedding we can assume that F (H) ∩ x−1(U) ⊆
F (ξ(C)). Now we claim that

y = g ◦ x|x−1(U) : x−1(U) −→ V × V ′

is a submanifold chart on M for F (H). Indeed

y(S ∩ dom(y)) = y(F (H) ∩ x−1(U))

= y(
{
Fξ−1(x) | x ∈ ξ(dom(ξ)), F ξ−1(x) ∈ x−1(U)

}
)

= y(
{
Fξ−1(x) | x ∈ ξ(C), f(x) ∈ U

}
)

= g(
{
f(x) | x ∈ ξ(C), f(x) ∈ U

}
)

= gf(ξ(C) ∩ f−1(U))

By the corollary that strengthens the injective version of the implicit function theorem we can
now conclude that

y(S ∩ dom(y)) = g(f(ξ(C)) ∩ U) = gf(V )
= V × {0}

=
(
Rp × {0}

)
∩ (V × V ′)

=
(
Rp × {0}

)
∩ y(dom(y))

Now conversely suppose that F (H) s a submanifold. On M, choose a submanifold chart x
for F (H) with F (h) ∈ dom(x). For each sufficiently small neighbourhood W of h we have
F (W ) ⊆ dom(x). Thus x ◦ F maps W into x(F (H) ∩ dom(x)) = (Rp × {0}) ∩ x(dom(x)) which
is an open neighbourhood of x(f(h)). Since F is an immersion, so is x ◦ F and by the inverse
function theorem ...

Given manifolds M, K and F : M −→ K, a point k ∈ K is said to be a regular value of
F if TmF is surjective for every m ∈ f−1(k). This is understood to include the situations where
f−1(k) = ∅ .

EXAMPLE : Consider f : R2 −→ R defined by f(x, y) = x2 + y2 − 1. Clearly 0 ∈ R is a
regular value of f and f−1(0) = S1 . In fact every a ∈ R− {−1} is a regular value of f .
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EXAMPLE : Consider f : R2 −→ R defined by f(x, y) = xy. Every a ∈ R − {0} is a regular
value of f .

EXAMPLE : Consider f : R3 −→ R2 defined by

f(x, y, z) =
[
x2 + y2 − 1

z

]
All (a, b) ∈ R2 with a 6= 0 are regular values of f.

THEOREM : Given an n-dimensional manifold M, an (n − p)-dimensional manifold K and
F : M −→ K, if k ∈ K is a regular value of F, then F−1(k) ⊆M is a p-dimensional submanifold
of M.

Proof : For any m ∈ S = F−1(k), consider charts x, y on M, K respectively such that
m ∈ dom(x), F (dom(x)) ⊆ dom(η). As TmF is surjective, so is Dfx(m) where

f = η ◦ F ◦ x−1 : x(dom(x)) ⊆op Rn −→ η(dom(η)) ⊆op Rn−p .

By virtue of the surjective version of the implicit function theorem it is possible to choose
respective open neighbourhoods U ⊆op x(dom(x)) ⊆op Rn and V ⊆op η(dom(η)) ⊆op Rn '
Rp × Rn−p of x(m) ∈ x(dom(x)) ⊆op Rn and (x(m), η(k)) ∈ Rn ' Rp × Rn−p and a smooth
bijection g : U −→ V such that f ◦ g(x, y) = y for all (x, y) ∈ U. We claim that

y = g−1 ◦ x|x−1(U) : x−1(U) −→ V

is a submanifold chart on M. Indeed

y(S ∩ dom(y)) = y(F−1(k) ∩ x−1(U))

= y(
{
m′ ∈ x−1(U) | F (m′) = k

}
)

= g−1(
{

(x, y) ∈ U | f(x, y) = η(k)
}

)

=
{

(x′, y′) ∈ V | f ◦ g(x′, y′) = η(k)
}

=
{

(x′, y′) ∈ V |y′ = η(k)
}

=
(
Rp × {η(k)}

)
∩ V

=
(
Rp × {η(k)}

)
∩ y(dom(y))

........................

EXAMPLE : Consider

E :
R2

{0} × 2πZ
−→ R

defined by

E(x, θ + 2πZ) =
1
2
x2 − cos θ

Note the physical content : Putting x = θ̇, we can regard E as the total energy of the pendulum
with the governing equation θ̈ = sin θ . Every a ∈ R−{1,−1} is a regular value of f . Notice that
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f−1(1) is not a submanifold whereas f−1(−1) consists of a single point which we understand as
a submanifold.

EXAMPLE : Consider f : R3 −→ R defined by

f(x, y, z) = (x2(1− x2)− y2)2 + z2 .

All a < 0 and all sufficiently small a > 0 are regular values of f . By first considering f−1 which
is a subset of the plane z = 0 and passing to polar coordinates, the student should satisfy himself
that for sufficiently small a > 0, the set f−1(a) is a “sphere with two handles” , or equivalently
the “connected sum” of two tori.

EXAMPLE : Consider f : R3 −→ R defined by

f(x, y, z) = ((x2 + y2)2 − y(x2 − y2)− 2yx2)2 + z2 .

All a < 0 and all sufficiently small a > 0 are regular values of f . The student should satisfy
himself that for sufficiently small a > 0, the set f−1(a) is a “sphere with three handles” , or
equivalently the “connected sum” of three tori.

EXAMPLE : Note that det : Rn2 ' Rn×n −→ R is a homogeneous function of order n.
Consequently ∑

1≤i,j≤n
xij

∂ det
∂xij

= n det

showing that TAdet has to be surjective whenever detA 6= 0. In particular the special linear
group

SL(Rn) = det−1(1)

is a submanifold of Rn2 ' Rn×n .
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PROBLEMS

I. Does there exist an immersion of S1 into R ?

II. Consider the map F : RP 2 −→ RP 5 defined by

F ([u, v, w]) = [u2, v2, w2, vw,wu, uv].

(A) Prove that F is an imbedding.
(B) Describe an imbedding of RP 2 in R5.

III. Prove that the set
A = {(u2, 2uv, 2uw + v2, 2vw) ∈ R4 | u2 + v2 + w2 = 1}

is a submanifold of R4 diffeomorphic to RP 2.

IV. Consider the Klein bottle defined as the quotient space

R2

∼

where (u, v) ∼ (u′, v′) if u′ − u ∈ Z, v′ − (−1)u
′−uv ∈ Z. Prove that the set

A = {(cos s, sin s cos t, sin s sin t, cos 2t, sin 2t) | s, t ∈ R}

is a submanifold of R5 diffeomorphic to the Klein bottle.

V. Consider
S3 = { (x, y, z, t) ∈ R4

∣∣ x2 + y2 + z2 + t2 = 1} ,

S2 = { (x, y, z) ∈ R3
∣∣ x2 + y2 + z2 = 1}

and the “Hopf fibration” F : S3 −→ S2, defined by

F ((x, y, z, t)) = (2(xz + yt), 2(−xt+ yz), z2 + t2 − x2 − y2) .

(A) Prove that F is a submersion.
(B) Prove that for each m ∈ S2, F−1(m) is a (n imbedded) submanifold of S3, diffeomorphic to S1.

VI. Consider the sets
M1 = {[t, u, v, w] ∈ RP 3 | t2 + u2 + v2 = w2} ⊆ RP 3 .

M2 = {[t, u, v, w] ∈ RP 3 | t2 + u2 = v2 + w2} ⊆ RP 3 .

(A) Prove that M1 and M2 are (imbedded ) submanifolds of RP 3.
(B) Prove that M1 is diffeomorphic to S2.
(C) Prove that M2 is diffeomorphic to the torus.

VII. A function f : Rn −→ R is said to be homogenous of order λ ∈ R if

f(ax1, ax2, · · · axn) = aλf(x1, x2, · · ·xn)

for each a > 0.
(A) For a homogeneous differentiable function f of order λ prove the “Euler Identity” :

n∑
k=1

xk
∂f

∂xk
= λf

(B) Given a homogeneous function f of order λ 6= 0 prove that f−1(1) is either empty or a submanifold of
Rn.
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